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Abstract. We define generalized Atiyah-Patodi-Singer boundary conditions 
of product type for Dirac operators associated to C* -vector bundles on the 
product of a compact manifold with boundary and a closed manifold. We prove 
a product formula for the /^-theoretic index classes, which we use to generalize 
the product formula for the topological signature to higher signatures. 



1. Introduction 



It is an elementary fact from algebraic topology that the topological signature fulfills 

sign(Af) • sign(A^) = sign(M x A^) , 

if M is an oriented compact manifold with boundary and N is an oriented closed 
manifold. In this paper we prove a similar product formula for higher signatures 
- more generally: for the signature classes of the signature operator twisted by a 
flat C*-vector bundle. (In the higher case this bundle is the Mishcnko-Fomcnko 
bundle.) 

In the closed case the signature class equals the i^-theoretic index of the signature 
operator. There are several definitions of a higher signature class for a manifold with 
boundary, which conjecturally give the same class (see |LP04, §13 I]): Two analytic 
ones (whose Clicrn characters agree), see [ LLPO0|, and a topological definition based 



on L-theory [ ]LLK02 |. We refer to the survey |LP04| for a historical account. The 
basis for our considerations is the definition of the signature class as the index of 
the signature operator with generalized Atiyah-Patodi-Singer boundary conditions 



given by a symmetric spectral section |LPOO |LP03|. The class is well-defined only 
under certain homological conditions. We prove the following generalization of the 
above formula: Let A, B be unital C*-algebras. If Tm resp. Tn is a flat unitary 
A- resp. ;S-vector bundle on and even-dimensional manifold M resp. N , then 

if both sides are defined. Here (j{M,Tm) S Kq{A) resp. a{N,TM) S Kq{B) are the 
signature classes. If M or is odd-dimensional, there is a similar formula, however 
the signature depends then on the additional choice of a Lagrangian. The actual 
result we prove is slightly more general such that it applies to higher signatures 
(see §0). 

The proof of the signature formula builds on a product formula for Atiyah-Patodi- 
Singer index classes (Theorem 2.2), which is the main result of the first part of 
this paper (§||). We use a class of boundary conditions of Atiyah-Patodi-Singer 
type that generalizes the boundary conditions introduced in [MP97a|| MP97b| for 
families and adapted in |LP98| |LP03| to higher index theory. In this class we 
can associate to any boundary condition for a Dirac operator on M a canonical 
boundary condition for a suitable product Dirac operator on the product M x N. 
The proof of the product formula is based on KK -theoretical methods, in particular 
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the relative index theorem [Bu95|. It carries over to family index theory, where a 
product formula might also be of interest. A special case is the equality between 
the Dirac operator and its Dirac suspension, which was defined and established 
in | MP97b[ §5] in the family case and adapted to the noncommutative context in 
[ LP03| , §3], (Note the following subtlety: In |MP971t||LP03| odd index classes were 
defined in terms of a suspension map originally due to Atiyah and Singer. Here 
we use a A'A'-theoretic approach, which is makes calculations more straightforward 
and allows to treat the even and odd case on an equal footing. The index classes 



defined by both approaches agree, see |W07, §9].) 

The product formula for Atiyah-Patodi-Singer classes has applications to the 
study of concordance classes of metrics of positive scalar curvature: Stolz de- 
fined bordism groups Rni"^) for a finitely presented group tt (in fact, more gen- 
erally for so-called supergroups) [p3]|ElS01, §5]. These groups consist of equiv- 



alence classes of n-dimensional spin manifolds with boundary that are endowed 
with a reference map to Bt: and with a metric of positive scalar curvature on 
the boundary. Taking the index of the Dirac operator twisted by the Mishenko- 
Fomenko bundle associated to the maximal group C* -algebra yields a homomor- 
phism i?„(7r) Kn{C*^^^^n) (sec pu95 , §1.4], with the real reduced C*-algebra 
used there replaced by C*„^^7r). For finitely presented groups 7ri,7r2 the Carte- 
sian product induces a product i?„(7ri) x r2^™(_B7r2) — > i?„+m(7ri x 7r2). There 
is also an index map ilfP"'^ {BTr2) K,n{C^^^TT2) ■ By the product formula for 
Atiyah-Patodi-Singer classes these maps fit into a commuting diagram 



i?„(7ri) X nZ^iB7T2) 



n-\-ni 



This can be applie d to st udy the behavior of the concordance classes under Carte- 
sian product, see [ We99 Remark 0.7] for related questions. We expect that our 
methods also work in ATO-theory, which should be used here: The index maps 
in the diagram factor through A'O-theory of the corresponding real maximal C*- 
algebras. A special case of the analogue of the above diagram in A'O-theory is 
the fact that the homomorphism Hm_R„+8j(7r) KOn{C^ ,^^^11) is well-defined: 
The limit is induced by taking the product with a particular closed 8-dimensional 
manifold (the Bott manifold) fSfl 



RSOl 



5]. A more general diagram is given in 
the preprint |St[, which was never published. Also for the above diagram (resp. its 
analogue in ATO-theory) there seems to be no published proof. 

A novelty used in the proof of the product formula for signature classes is a gen- 
eralization of the definition of symmetric boundary co nditions for the signature 
operator. Symmetric spectral sections, as introduced in |LP00| | LP03 |, are symmet- 
ric with respect to a particular involution. The class of boundary conditions defined 
by symmetric spectral sections is not closed under taking products. We consider 
more general involutions and study the dependence of the involution. The results 
allow us to derive the product formula for the signature classes from the product 
formula for Atiyah-Patodi-Singer classes. 

It would be interesting to have a similar product formula established for the topolog- 
ically defined higher signatures. In general, the main advantage of the AT-theoretical 
approach is that it also works for foliations, as noted in Remark 2 at the end of 
[LP03|. 



The methods of the present paper together with the product formula for 7^-forms 



proven in | W09| also lead to a product formula for the analytic higher p-invariants 
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for the signature operator. (Details will be given elsewhere.) These were defined 
in I WOg[| motivated by a suggestion in | Lo92{ . An alternative definition based on 



a different regularization can be given using the higher 77-forms for the signature 
operator introduced in [ LLPOOj . Topological higher p-invariants were previously 



introduced in |Wc99|. There Cartesian products were the motivating examples, 
and a product formula was mentioned. A connection to the analytic definition has 
not yet been established. 

Conventions. If not specified, a tensor product between C*-algebras is under- 
stood as the spatial (^minimal) C* -algebraic tensor product, and a tensor product 
between Hilbert C* -modules is the exterior Hilbert C* -module tensor product. In 
the few remaining cases the tensor product is assumed to be algebraic. A tensor 
product of graded spaces is graded. However, for operators we fix the following 
convention: If A rcsp. B are operators on graded vector spaces Hi rcsp. H2, then 
A(g) B is the operator on Hi <Si H2 defined by using the ungraded tensor product, 
hence neglecting the grading. In contrast the operator AB on Hi ® H2 is defined 
via the graded tensor product as usual. Thus AB = A® B^ + Az(E)B~ , where 
z is the grading operator on Hi and B = B~^ + B~ with B^ even resp. odd. In 
this spirit we usually omit tensor products when dealing with operators and write 
A for A®1 resp. S for 1 (8) B^ -I- z ®B~ . We also usually omit the tensor product 
when dealing with morphisms between different spaces. In a graded context we 
tacitly endow ungraded spaces with the trivial Z /2-grading (for which all elements 
are positive). 

In order to avoid confusion we add indices to geometric operators as the de Rham 
operator. We will omit them sometimes when confusion seems unlikely. 

2. Product formula for Dirac classes 

We assume throughout the paper that A, B arc unital C*-algebras. 

Let M be an oriented Ricmannian manifold with boundary dM and product struc- 
ture near the boundary. Denote by M^yi the corresponding manifold with cylin- 
dric end Zr C M^yi- That is, we assume that there is e > and an isometry 
e : Zr = (— e, 00) x dM such that Mcyi \ e~^((0, 00) x dM) = M. The coordinate 
defined by the composition of e with the projection onto (— e, 00) is denoted by xi. 
We define Z = IR x dM. We set Ue = e-^{{-e,0] x dM) C M and denote by 
p : Ue ^ dM the composition of e with the projection onto dM. The projection 
Z dM will be denoted by p as well. 

Dirac operators over C*-algebras are by now well-studied. It turns out that much 



of the classical theory carries over, see for example [3T0I [305| for relevant back- 
ground material. 

Let £ be a hermitian ^-vector bundle on M (the scalar product on the fibers 
is assumed to be ^-valued). Then £ is called a Dirac ^-bundle if the following 
conditions are fulfilled: 

(1) The bundle £ is a Clifford module. This means that there is a left action 
of the Clifford bundle C(T*M) on £ commuting with the right action of A 
such that the c{v) is a skewadjoint endomorphism on £ for any v € T*M . 
If M is even-dimensional, then £ is assumed to be Z/2-graded and c{v) is 
assumed to be odd for any v G T*M . 

(2) Furthermore £ is endowed with a connection V'^ compatible with the her- 
mitian product and fulfiUing c{\/^v) = [V^,c(w)]. Here V*^ is the Levi- 
Civita connection. 
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Let be a Dirac yl-bundle on M and assume that EM\ue — P* [^IvAom) as (graded, 
if M is even-dimensional) hermitian ^-vector bundle. Furthermore the connection 
on £M\ue is assumed to be of product type. Let (^m := co V^*^ be the associated 
Dirac operator. 

The bundle £jv/ is 2/2-gradcd if M is cven-dimcnsional. The grading operator is 
denoted by Zj\/. We write Eqm :~ fj^/la^/ if M is even-dimensional and Egm = £\dM 
if M is odd-dimcnsional. 

The induced Clifford module structure on Eqi^i is given by cqm{v) '■= CM{dxi)cM{v) 
for V S T*dM C T*M (the inclusion being defined via the metric). We denote the 
Dirac operator associated to Sqm by ^dM- If M is odd-dimcnsional, the Dirac 
bundle £qm is 2/2-gradcd with grading operator zqm icM{dxi) and on [/^ 

(2.1) hi^cM{dx^){di^^aM) ■ 

If M is evcn-dimensional, we identify f ^l;/^ with £^\u^ via ic{dxi) and thus obtain 
an isomorphism 

£\u^ ^ (C+©(D~)® (p*£aM) . 
Here denotes C with grading induced by the grading operator ±1. On [/^ 

(2.2) CM{dxi){di - zm ^dAi) ■ 

Given i^m, the operator ^qm is uniquely determined by these formulas and is called 
the boundary operator induced by i^M- In the following the boundary operator of 
a Dirac operator ^ will sometimes be denoted by -B(^). 

Write Vqm for the closure of ■ C°°{dM,£oM) ~^ L^{dM,£oM)- 

Now we introduce the boundary conditions: 

Assume first that M is even-dimensional. Then a selfadjoint operator A S 
B{L'^{dM,£oM)) such that "Dqm + A has a bounded inverse is called a trivializing 
operator for Vqm on L'^{dM,£dM). 

Define 'Dm{A)'^ as the closure of 

^+ : {/ e C^{M,£+) I l>o{VaM + A){,f\aM) = 0} ^ L^{M,£-) . 



Vm{A)- 
I?m(A)+ 

is a selfadjoint operator on L'^{M,£) = L'^{M,£+) L'^{M,£~). 



LctVAiiA)- be the adjoint of X>A/(yl)+. ThenX>M(^) 



If M is odd-dimensional, an operator A as above is called a trivializing operator if 
in addition it is odd with respect to zoa/. Then the operator Dm {A) is defined as 
the closure of 

: {/ e C°°{M,£) I l>o{V9M + A){f\gM) - 0} ^ L^{M,£) . 

The operator 'Di\i(A) is a regular selfadjoint Fredholm operator with compact resol- 
vents. (This can be shown as in |Wu97|). Let i be the parity of the dimension of M. 
From the Baaj-Julg picture of i^iiT-theory via unbounded Kasparov modules 



§17.11] it follows that there is an induced class [X'm(^)] € KK,{(C,A) = Ki{A), 
called the index (class) of T>m{A). 

We also need cylindric index classes: 

Let X ■ ^^cyi ^ [0, 1] be a smooth fimction with support in Z^. such that 
xl{3;i> -3e/4} = 1- Wc define I?^^'(A) as the closure of 

^£ - c[dxi)xA : C^iM,£) ^ L\M,£) 
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if M is odd-dimensional and as the closure of 

h-c{dxi)x^A:C^{M,8) 
if M is cvcn-dimc nsiona l. Again, I?^^'(j4) is a regular sclfadjoint Fredholm operator 



(see for example [ W09 | for a detailed discussion) and thus defines an element in 
KKi{<i!,^A). He re the resolvents are non-compact, hence the Baaj-Julg picture does 
not apply. See [ W07 , Def. 2.4] for the relevant definition of the Kasparov class that 
will be used in the following. 

The following equality has been essentially established in the even case in jLLPOOl , 
§10] and follows in the odd case from [LP03, §3.3] together with | W07, Lemma 9.2]. 
We give a different proof here, whose method will also be used in the proof of the 
product formula for index classes. Theorem 2.2. It is similar to the proof of | LLPO0| , 
Theorem 7.21. 



Proposition 2.1. In KKi{<S^,A) 



[VZ\A)] 



Proof. We consider the case i = 1. The even case is analogous with the obvious 
changes. 

Recall that p : Z ^ dM is the projection. Endow £z = P*£dM with the product 
Dirac bundle structure. Let be the associated Dirac operator and denote by 
VziA) the closure of 

^z-cidxi)A : CT{Z,£z) ^ L\Z,£z) . 

Furthermore let Z; = (— oo, 0] x dAI C Z and denote by Vzi (A) the closure of 
^z-c{dxi)A:{f eC^'{Z,,£z) \ l>o{T^aM + A){f\^,=o) ^ 0} ^ L\Zi,£z) . 

The manifolds Zi and Mcyi are obtained from Z and M by cutting and pasting along 
the hy persurfaccs xi = — e/2. By the relative index theorem (which is proven in 
| Bu95 for manifolds without boundary and unperturbed Dirac operators, however 
the proof works here as well), 

[Vm{A) - xc{dx,)A] + [Vz{A)] = [VZ\A)] + [VzAA)] . 

The operator VziiA) is invertible: Set P = l>o(I'aA/ + A) and a := c{dxi). Let 
/ G C^{Zi,£z)- We consider f{xi) := f\{xi}xdM an element in C°°{dM,£gM)- 
Then 



{VzXA)-'f){x,) = - 



The operator VziA) is invertible as weU. Hence [Vz{A)] = [Dzi{A)] = 0. The 
assertion follows since [Dm{A) — xc{dxi)A\ ~ \Dm{A)\. □ 

Next we discuss Cartesian products: 

Let N be an oriented closed Riemannian manifold. Let £n be a Dirac B-bundle 
on N and let I^n ■ C°°{N,£]y) L?{N,£n) be the associated Dirac operator. Its 
closure Vm induces an index class [I?jv] G KKj{<C,B), where j is the parity of the 
dimension of N . 



In the following we assume that M and N are even-dimensional. The other cases 
will be discussed below. 
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Let Zat be the grading operator on £n. 

The bundle £m is an Z/2-graded hermitian A ® S-bimdlc on M x N with 

grading operator z^f^N ~ Zjv = zm CS" ztv and with connection. 

The product Dirac operator acting on C^{M x N,£i\j^£n) is defined by ^mxn = 
+ <^N- In order to illustrate our convention on the notation for tensor products 
we note that this equals ® 1 + zm ®^n- 

We sketch how one sees that <^mxn is indeed a Dirac operator: For / e {M x N) 
set CMxNidf) := Wmxn,/]- Then for v G TM C T{M x N) one has cmxA'(u) = 
CAf(w), and similarly for w G TA^. Using this one checks easily that cmxn is a 
Clifford multiplication, endowed with which £m ^ £n becomes a Dirac A (Si B- 
bundle, and that <^i\ixn is the associated Dirac operator. 

In particular CMxNidxi) = CMidxi). 

Using the isomorphism ic{dxi) : £^[\dM == ^j\/|9M we get an isomorphism 

* : £9M ^£n^ ^ ^n) ® i^M ^ ^N))\dM = £d(MxN) • 

It holds that 

(2.3) h{MxN) = ^OM + ^iv)*~' . 

The operator A ^'(ztv A)^'^^ = \E'(A O Ztv)^'^^ is a trivializing operator for 
^d(MxN)- Hence we get as above a Fredholm operator 'DMxNiA), whose index is 
an element of A'iCoCC, A®B). 

Our main result in this section expresses this index in terms of the indices of I? a/ (A) 
and I? TV via the Kasparov product 

ifA%((D,y^) X A:A',((D,S) -> KK^{(C,A®B), {a,b) ^a(g)b . 

We briefly recall its definition: Let Di resp. D2 be an odd selfadjoint operator with 
compact resolvents on a coun tably generated 2/2-graded Hilbcrt A resp. S- module 



Hi resp. i?2- Recall [ B198 , §18.9] that in the Baaj-Julg picture of XA'-thcory 
the Kasparov product [Di] ® [D2] is represented by the closure of the operator 
Di + D2 whose domain (before taking closure) is the algebraic tensor product 
dom Di (g) dom D2 ■ Actually, this formula was the motivation for our definition of 
the product Dirac operator. 

Theorem 2.2. It holds that 

[VMiA)](g,[DN] = pMxNiA)] . 

Proof. By the comparing the above description of the Kasparov product with the 
definition of the product Dirac operator one sees that the class on the left hand side 
is represented by the closure I?^^°'^jy(A) of the odd operator (^mxn with domain 
douiVM{A) ® AoTaVN (understood as an algebraic tensor product). We use the 
method of the proof of Prop. in order show that 

[vizUM = [vZ'xNiA)] . 

Then the assertion follows from Prop. ^ 

Let I?2™'iv(^) closure of the operator (fzxN ~ c{dxi) zzxn ^ with domain 



dom'Dzi (A) (X) domI?jv, where doml?^, (A) is defined as in the proof of Prop. 2.1 
The operator 'D^^°^^{A) is invertiblc with inverse 

/•OO 

T^%xNiA)-' = / Prx1v(^)'="*''^'^^^'e-^" dt . 
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The integral converges for t oo since (A) is invertible, see the proof of Prop. 

Define VzxNi^) as the closure of 

^zxN - c(dxi) zzxjv A : C^[Z x N,£zM £n) ^ L^{Z xN,£z^ £n) ■ 
By the relative index theorem 

P'm'n{A) ~ xc{dx,) zmxa. i] + [Vzxn{A)] = [VZ'xm{A)] + . 
Since VzxNiA) is also invertible, the assertion follows. □ 

3. Products of unbounded Kasparov modules - the remaining cases 

Before discussing the cases in which AI and N are not both even-dimensional we 
derive the general form of the Kasparov product for the remaining parities from 
its description in the even case given above. (It is needed here that the description 
remains valid if we deal with graded C*-algebras.) The expressions we get for the 
product are the motivation for the definitions of the product Dirac operators in the 
following section. 

Let Ci be the Clifford algebra with one odd generator a fulfilling cr^ = 1 . 

The product involving odd KK-theoiy is defined via the isomorphism KKi (<C,A) = 
KKq{<C, Ci). It maps a class [D] represented by selfadjoint Frcdholm operator 
D on an ungraded countably generated Hilbert ^-module H to the class [crD] G 
KKo{€,A'S> Ci), where aD is defined on the Z/2-graded Hilbert A (g) Ci-module 
H Ci. On the other hand given an odd selfadjoint Fredholm operator D' on 
a Z/2-graded Hilbert A <g) Ci-modulc H' and an odd involution T on H' with 
TD' = D'T, then the restriction of TD' to the positive eigenspace of T represents 
the preimage of [D'] under the above isomorphism. Note that right multiplication 
by the projection i(l— (t) is trivial on the positive eigenspace of T, thus it is endowed 
with a canonical Hilbert yl-module structure. If D' = aD and H' = H ® Ci as 
before, we may choose T = cr to get exactly the Kasparov module back we started 
with. 

Let Di resp. D2 be a selfadjoint operator with compact resolvents on a countably 
generated Hilbert A- resp. ;B-module Hi resp. H2- 

3.1. Even times odd. First assume that Hi is 2/2-graded, H2 is trivially graded, 
and Di is odd. We write zi for the grading operator on Hi. The Kasparov product 
of [Di] e KKoie,A) with [crDa] e A'A'o(C,e (g) Ci) is [Di + crDa] £ X/\o((D,^(g 
B (g Ci). We set T = crzi. We have that Di + aD2 = azi{azi Di + zi D2) and 
that the positive eigenspace of T equals Hi ® H2 ® ^il + a). The choice of the 
base vector ^(1 + cr) of C(l + cr) defines an obvious isomorphism to Hi® H2- Here 
we consider Hi ® H2 ungraded. The isomorphism intertwines cr zi Di + zi D2 with 
D1+Z1D2. Thus 

[Di] ® [D2\ = [Di + zi D2] e KKi{(C, A(E)B) . 

3.2. Odd times even. Now we assume that H2 is Z/2-graded, Hi is trivially 
graded, and D2 is odd. We write Z2 for the grading operator on H2- The Kasparov 
product of [crL>i] G KKo{€,A(g) Ci) with [D2] e KKoie,B) is [aDi + D2] e 
KKo{€,A(» B®Ci). Then aDi + D2 ^ cr Z2(z2i:'i + crZ2i:'2), and the positive 
eigenspace of a Z2 is {Hi (g) C(l + cr) (g (iJj g) C(l - cr) g) H~) Hi® H2. 
The last isomorphism intertwines Z2 Di + crz2 D2 with Z2 Di + Z?2- Thus 

[Di] g) [D2] = [z2 Di + D2] e KKi{(C, A®B) . 
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3.3. Odd times odd. Now let Hi,H2 be trivially graded. We write C(,C" for 
two copies of Ci with generators a', a" respectively. 

The class 

[a'Di] (g> [cr"L»2] e KKo{<C,A(g>B(g>C[(g>C'{) 

is represented by the odd operator a'Di + a" D2 on Hi (E) H2 <E) C[ (E) C'(. 

Note that ^(1 + icr'a") is a rank one projection. By Morita equivalence the homo- 
morphism 

p:^->C[®C';, ia;(l + ia'a") 

induces an isomorphism : KKq{C, A® B) ^ KKo{C, (g) S ® C( ® Cf ). 

We define a representative of the preimagc of [cr'Di + a"D2] under p*. The algebra 
C{ (g) C" acts on via the isomorphism 

The action is compatible with the grading if on the grading defined by the 
operator 




In the following we show that the odd operator FiDi + ^2D2 on Hi (g) H2 (8) 
represents the prcimage. 

Define the Hilbert C[ ® C('-module V := ^(1 + icT'a"){C'i (g) C'{). 

The unit vector ei := ^{1 + ia'a") spans V^, and the unit vector 62 ■= \{a' — ia") 
spans V~ . 

Note that canonically ®p [C'l ® C2) = ^'^ ®V. 

Choose a unit vector vi € (C^)"*" and let V2 := Tivi £ (C^)~. The even isomorphism 
of Hilbert C'l (g) -modules 

(g y -> c; ® c^' , 

ill (g ei ei, wi (g 62 1-^ 62 , 

W2 (g 61 1-^ a'ei, V2® €2^ cf' e2 , 

is compatible with the left C'l Cg -action on both spaces. Summarizing, we get 
an isomorphism Hi® H2® g)p (C( ® C2) Hi 1® H2 ® ®) C" intertwining 
TiDi + r2D2 and a'Di + a" D2. 

Thus 

[Di] (g [D2\ = [FiDi + r2L'2] e if i^o(C, ® S) . 



(This calculation corrects a similar but flawed argument in the proof of |W07, 
Lemma 9.2]) 
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4. Product structures for Dirac operators - the remaining cases 

4.1. M is even-dimensional and N odd-dimensional. Let Zj\/ be the grading 
operator on £m- The bundle £m M £m is now considered an ungraded A® ;S- vector 
bundle. The product Dirac operator is defined as 

Hence here also CMxN{dxi) = cnidxi). 

The isomorphism ic{dxi) : £^j\dAi — ^mIom induces an isomorphism 

^ '■ {£dM ®£dM) Kl£jv ^ {£m ^£N)\dM = ^diMxN) ■ 

We let the matrices Fi, which were defined in act on {£dM ffi £aM) ^ £n- 
Then 

(4.1) h(MxN) = "firi^dM + r2^7v)*-i . 



Theorem 2.2 holds in this situation for A \E'ri(A(g) 1)*"^ 



4.2. M is odd-dimensional and N even-dimensional. In analogy to the previ- 
ous case the bundle £m^£n is considered ungraded and the product Dirac operator 
is defined as 

It follows that CMxN{dxi) ~ CM{dxi). 
We have that 

^d(MxN) = (^M ^ £N)\dM = £dM ^ , 

which is a graded vector bundle with grading operator zqmxn = icAiidxi) = 
Then 

(4.2) ^d(MxN) = hM - i ZW ■ 



Theorem 2.2 holds with A:= A®1. 



4.3. il/, iV are odd-dimensional. Consider the bundle £a/x7v {£m®£m)^£n, 
on which Fi, r2 from §H act. The associated product Dirac operator is defined by 

(^MxN = Ti^M + r2^Ar 

and the grading is given by zmxn ~ — irir2. We see that CMxN{dxi) = 
TiCM{dxi). We have an isomorphism 

^' : £dM ^£n £d{MxN) = ^MxAfl^M 

x®y^ — P (x, x) ®y . 
v2 

Then 

(4.3) h(MxN) = *(^aA/ + ZOA/ ^at)*"^ . 



Theorem 2.2 holds with A := 1'(yl(g) 1)*" 
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5. Product formula for twisted signature classes 

Let Tm be a flat hcrmitian yl-vector bundle on M endowed with a compatible flat 
connection and let Tqm = ^M\dM- We assume that ~ P*J^dM as a hermitian 

vector bundle and that the connection is of product type on U^. Analogously let 
J-N be a flat S- vector bundle on N, also endowed with a hermitian structure and 
a compatible flat connection. 

We denote by fl* {M, the space of smooth twisted de Rham forms with de 
Rham differential cIm- Let il*^^^{M, T^) the Hilbert .4-module of L^-forms. 

We endow K*T*M with the Levi-Civita connection. Thus we have an induced 
connection on h*T*M ® T. The bundle l\*T*M ® Tm is a Clifltord module with 
Clifford multiplication cm(Q!)'j-' = a A w — L(pt)io. Recall that the induced chirality 



operator rjv/ is a selfadjoint involution on K*T*M ®!F, see |BGV96, Lemma 3.17]. 
We denote by A^T*M (g) Tm resp. VL^{AI^J-m) the cigcnspace associated to the 
eigenvalue ±1 of tm- If M is even-dimcnsional we endow K*T* M ®T with the Z/2- 
grading induced by tm- With these structures A*T*M Tm is a Dirac bundle. 



The signature operator is deflned as the associated Dirac operator, see [BGV96, 
§3.6]. 

We fix the isometry 

$M : K*T*dM®TdM ^ {A+T*M\om)<E)T9m, -^{dxi A a + TM{dxi A a)) . 

v2 

5.1. The even case. In the following wc assume that M is even-dimensional. 
For a e A*T*dM 

TM{dxi ^a) = TQM a 

and 

TM{a) = dxi A TQM (a) . 
The signature operator on fl* (M, Tm) equals 



^iign _ _|_ ^ _ ^^^^^^^^^ 



Note that the normalization here is as in jBGVQ^ §3.6] and differs from 



I HS92 ] [ LLPOO I . The corresponding index classes agree up to sign, sec §8.2. Ac- 
cordingly, also our convention in the odd case is different. 

It holds that 

(5.1) = ^MiddMTdM + TOMddM)^^} ■ 

We denote the closure of ddM^dM + TQMddM ■ ^*{dM,ToM) ^*(^2}i'^^-^^^9^i) 
by 'D^QM- order to avoid confusion, we point out that agrees with the odd 

signature operator in the convention of some authors, but not in convention used 



here. For the precise relation see §5.2 



The following definition generalizes the boundary conditions considered in ]LP03, 
§6.3]. 

Definition 5.1. Assume that there is an orthogonal decomposition 
fl*^2^{dM, Tqm) = V S) W with respect to which tqm and are diago- 

nal. Furthermore assume that Vl%j\ V is invertible. Let X he an operator on 
f2^2)(^-^i-^9Jif) i^'^^ vanishes on V, is an involution on W and anticommutes with 
TOM andV^Q^j. 
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We call a trivializing operator A of B{ct^f^) symmetric with respect to X if it is 
diagonal with respect to the decomposition $a/(V^) © ^m{W), vanishes on ^m{V) 
and anticommutes with <i>j\/ 2 • 

If A is a symmetric trivializing operator, then the index class 

c7x(M,^m):= [Pir(^)]e/io(^) 
is called the (twisted) signatme class. 

We call the symmetric trivializing operator Aj := i^M X TgM^~^J the canonical 
symmetric trivializing operator of Bi^d^^f^) with respect to X- 

Since {V'^'^j + iX Tg^'f ^ [V^^jf +x'^ is invcrtiblc, the operator Vl^j + iXTgM is 
invertible as well. Hence Aj is indeed a trivializing operator for B{d^^f^). 

In the following we extend any operator on W tacitly to Wf^^-^{dM,TdM) by letting 
it vanish on V . 



The following result sharpens and generalizes similar calculations in [ LPOO 



Lemma 5.2. The twisted signature class u-j^M^Tm) does not depend on the choice 
of the symmetric trivializing operator. 

Proof. Let Aq,Ai be two trivializing operators for _B(d^'/") that are symmetric 
with respect to X. 

Consider the cylinder Z := IR x dAI and let P^'^" be the signature operator on 
ri^2) P* ^dhi)- Recall that the positive and negative eigenspacc of tz are identified 
via ic{dxi). We get translation invariant spaces 

V = L^{WC) ® ^z{V) ® <C'^ 

W := L^{T£()®<^z{W)®^'^ 
such that rt*^^{Z,p*TgM) = V ®W. The operators A^ and ^zl^z^ define trans- 
lation invariant operators on Q*^2){^jP*^dM)- Note that I?^^" is invertible on V 
since 'DgiildM is invertible on V. 

Let XOtXi • ^ ^ [Oi 1] be smooth functions such that xo{xitX2) = 1 if xi < and 
Xo{xi,X2) = if xi > ^ and that xi{^1t '^2) = 1 if xi > 1 and xi(a;i,a;2) = if 
xi < i 



Prop. and the relative index theorem ||Bu95 | imply that 



TO"(Ao)] + [{Vr" - c{dx,)Tz{xoAo + XiAi))U = Kr(^i)] • 

Let j : (D ^ Ci be the unique unital homomorphism. It holds that [j] € 
KKoi(C,Ci) = 0, thus 

Im(j* : KKo{Ci,A) KKoi<C,A)) = . 

There is an even unital homomorphism Ci B{W) mapping a to 

ic{dxi)Tz{^zJ^z^)- Since (P^'^" - c{dxi)Tz{xoAo + XiAi))\w anticommutes 
with ic{dxi)Tz{^ z 1 ^z^) , we have that 

[(P^" - c{dx,)Tz{xoAo + XiAi))U e Im(i*) . 

□ 
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Note that for 1°"^^ := —iItqm the signature class ax°pp {M, Tm) is well-defined and 
that Ajovp = Since X°ppx ~ itqm, the second assertion of the following 

Lemma implies that 

(5.2) ai{M,J^M) 

Lemma 5.3. For j = 0, 1 let n*^^s^{dM, Tqm) = Vj ® Wj be an orthogonal decom- 
position and let 2j be an involution on Wj such that axj{M,!F]\i) is well-defined. 

(1) Assume that W\ C Wq 0''nd T\ = Jo |wi • 

(2) Assume that W := Wq = Wi. Let be the positive and E~ the negative 
eigenspace of TgM on W. We identify E~ with using the isomorphism 
2q : E~ E^ . Then there is a unitary u on E^ such that with respect to 
the decomposition W = E'^ E~ 

f u* \ 

We assume that the spectrum of u is not equal to . 
If one of the previous two conditions holds, then 

Proof. In the first case we get the equality since any trivializing operator that it 
symmetric with respect to Ii is also symmetric with respect to Xo- 

Now assume (2). Since the spectrum of u is not equal to S*^, there is a selfadjoint 
operator a on E'^ such that m = e". Set ut = e'*", t & [0, 1]. The involutions Io,Ii 
are homotopic to each other via the path of involutions 

Since 2?^'^/ anticommutes with 2q and commutes with t^m , we get that 

with D = {'Dgj^,j)\ ■ Furthermore Vq^j also anticommutes with Ji. This impHes 
that D commutes with u and u* . Hence it commutes also with ut and u^. It 
follows that VqIj anticommutes with Xf Thus axt(M, J^m) is well-defined. By the 
homotopy invariance of if ii'-theory classes it does not depend on t. □ 

The following proposition generalizes both cases of the previous Lemma: 

Proposition 5.4. For j = 0,1 let il*^2^{dM, Tqm) = Vj (S) Wj be an orthogonal 
decomposition and let Xj be an involution on Wj such that ai\M, Tm) is well- 
defined. Assume that Vo = {Vo n Vi) ® (V^ n Wi) and Wq = (Wq n Vi) © (Wq n Wi) 
and that Xo, Xi restrict to involutions on Wa n Wi. Let Xo |wonWi (^nd Xi \ wonWi 
fulfill condition (2) of the previous Lemma. Then 

Proof. Set Xj = Xj IwonWi- Note that (Jj-.{AI,!Fm) is well-defined. By part (1) 
of the previous Lemma ax.{M,J^M) = cr^. (A/, and part (2) implies that 
aj^ {M, Tm ) = (Til (^^' ). ' □ 



PRODUCT FORMULA FOR APS-CLASSES 



13 



Now, following |LP03 , we introduce the particular involution that is used for the 
definition of the signature class. For brevity it will be denoted qm though it depends 
only on the structures on dM . 

Let m = dim A// 2. 

Let Vm be the closure of d*Vr{dM,ToM) © dn"'~^{dM,TaM) and Wm = V^m- 
Define ^^^^^^ as the closed subspace of Wm spanned by forms of degree smaller than 
or equal to m — 1 and correspondingly define f^^^^j as the subspace spanned by 
forms of degree bigger than or equal to m. 

We make the following assumption: 

Assumption 5.5. The closure of d : n'"'-^{dM,TgM) ^ n'^'^^{dM, J'sm) has 
closed range. 



Note that the operators tqm, Aqm, d^M restrict to operators on Vm rcsp. Wm and 



that TQM '■ — > is an isomorphism. 



Assumption implies that I'g'^/ is invcrtiblc on Vm and that 

Vm ®Wm ^ ^l2){dM,TaM) ■ 

Let aM be the involution on Wm with positive cigenspace i^^^j. and negative 
eigenspace ^^j^- Then 'D^q'm and um anticommute. 

We write a{M,J^M) ■= CTqj^, (Af, J^a/). 

Note that Assumption |5.5| does not depend on the choice of the Riemannian metric 
since fi^^ (9M, JFgA/) as a topological vector space does not depend on the Rie- 
mannian metric. Using the homotopy invariancc of Xi^-thcory classes one also 
shows that ij{M, Tm) docs not depend on the choice of the Riemannian metric. 

The following technical lemma will be needed when we apply Prop. |3.4[. 



Lemma 5.6. Assume that N is even- dimensional. Let the de Rha m op erators on 
n* {dM, J^qm) and on n*{dM x N,Tqm K1 Tn) fulfill Assumption |5.4 We have 
that 

Vm>,n {Vm ® ^^(2) {N, Tn)) n Vm^n © {Wm ® ^{2) {N, Tn)) n Va^xat 
Wmxn = {Vm ® f7(2)(Af,^Ar)) n Wmxn © {Wm %^{N,J'n)) n Wmxn ■ 

The operator T)^q'm-^j^ is diagonal with respect to the decompositions on the right 
hand side and is invcrtiblc on Vm ® f2^2)(-^'-^w)- 

Proof. Note first that d^Af xTV, rfgA/xTV andr^A/xTV map the spaces VAf®^^(2) •^^) 
and Wm ® r2(2)(^'-^w) themselves. 

For each k 

n^{dM X N,Tqm^:Fn) 

= n\dM X N, Tom ^ Tn) n {Vm ® ^^(2) {N, Tn)) 

® ^''{dM X N, Tqm K Tn) n {Wm ® {N, Tn)) ■ 

Hence wc only need to consider the degrees k := (dim A'/ + dimiV)/2 and k — 1. 

We begin by proving the first equation: Let 7 = d{a A (3) £ di}'^^^{dAI x N, Tm ^ 
^n) C Vmxn with a e n*{dM,TQM), fi € n*(7V,J^jv). If a e Wm, then da G 
Wm, thus 7 G {Wm ® ^\2)iN,TN)) n Vmxn- If a G Vm, then da G Vm, hence 
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7 G (VM'8)ri^2) (-^) -^Af))!^ Vmxw • An analogous consideration works for d* ri'^ (9M X 
N,J^M ^ -^at)- This shows the first equation. 

For the proof of the second equation let 7 e ^''^^{dM x N,1Fm K1 JF^v) n VF^a/xw- 
Hence (i7 = 0. Write 7 = 71 + 72 with 71 G Wm ® ^^(2)(^; -^at), 72 e Vm ® 
f^*2)(7V,J^Ar). Then ^71 G Wm ® n*f.^){N , Tn), ^72 G Vm ® ^^(2) •^'a?). Since 
these spaces are orthogonal to each other, the equation (i(7i + 72) = implies that 
d-yi d72 0. Thus 71,72 e Wmxa- The case 7 G ^^{dM x N.Tm^^n) with 
(i*7 = can be treated analogously. Now the second equation follows. 

The operator "Dq^j^^ respects the decompositions on the right hand side since d 
and TQMxN do. Its square is the Laplace operator Aqmxn = ^om + ^n- Since 
AgM is invertible on Vm, the operator Aqmxn is invertible on Vm ® ^^(2) •^^)- 
Hence also 'D^q'm^j^ is invertible on Vm ® ^(2) (A^i -^a)- D 

Theorem 5.7. LetM,N be even- dimensional. 

If Assumption |5.5| holds for the de Rham operators on fl* {dAI, J-qhj) and on 
n*{dM X N,Tom'^J'n), then 

<j{M, Tm) ® <J{N, Tn) = cr(A/ X TV, Tm ^ ^n) e Ko{A ® B) . 

Proof. We denote by rj\/ the grading operator with respect to the Z/2-grading 
determined by the parity of the degree of a differential form on M. 

The de Rham operator on AI x fulfills 

dMxN ^ dM ®1 + Tm ®> dN . 

Thus 

(5.3) dMxN + dMxN ^ {dM + d*M) (E) 1 + Tm ® (dN + d*N) . 

Note for later that these two equations also hold for Af or N odd-dimensional. 

We begin by proving the theorem for closed M. We conclude (recall our convention 
on graded tensor products) that 

Furthermore 

tmxn = tmtn ■ 

We fix the following notation: Let D be an odd selfadjoint Fredholm operator on a 
2/2-graded countably generated Hilbert yl- module H and let / be a unitary on H~ . 

( D^r \ 

We define the symmetrized product S{I,D) = ( g )• Then S{I,D) 

is a regular selfadjoint odd Fredholm operator and [S{I,D)] = [D] G KKo{C,A) 
by the additivity of the Fredholm index. If / is an even unitary defined on H that 
commutes with D, then S(/|j^- , D) = ID. 

Applying this property twice with / = Fmtm yields that in KKo{(C,A® B) 

[Dtn ® \T^%n = [TMTMVir] ® w] 

_ resign 1 
~ i^MxNi ■ 
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The second equality follows from the description of the Kasparov product before 
Theorem IJ. 

Now we consider the case where M is a manifold with boundary. 
Define the involution 

aM := ° * ° $M)aA/'rAr($^/ o o $mxw) 

on 

Wm ■■= (^MxAT ° * ° '^m){Wm ® ni^^{N,TN)) 

and set 

Vm ■■= ($MxiV ° * ° $M)(14f ® r!^2)(^>-^w)) ■ 

Sublemma 5.8. (1) It holds that 

Wm = WM®ni2)iN.J'N) 

and that ctM = cum. 

(2) The operator cum anticommutes with 'D^q'm^j^ and tqmxn o,nd commutes 
with aMxN- 

Proof. For a e A*T*dM ®Tm, 13 e K*T*N ® Tn 
(*o$M)(aA/3) 

= -^^{dxi A a A /3 + TM{dxi A a) A /3) 
v2 

{dxi Aa + TM{dxi A a)) A (/3 + tmP) + i{-a + T7i/(a)) A (/3 - tat/?)) 



2V2 
1 

2V2 



[dxi A a A (/3 + ta?/?) + idxi A ToM{a) A {(3 - tnI3)) + tmxn{- ■ • ) 



Here the dots represent a repetition of the first summand. such that the last line is 
in the positive eigenspace of tmxN. 



Thus 



(*Mxw ° * ° *M)(a A /3) = ^(a A (/3 + tnP) + iroMa A (/3 - tnP)) . 



In particular 

- MxN 



i'^MxN ° * ° *M)(a A (/? + tat/?)) a a (/3 + rjv/3) 



and 

(*Mxw ° * ° ^'M)(T-aAfa A (/? - tat/?)) = a (/? - tat/?) . 
Let be the positive resp. negative eigenspace of Am- It follows that 

WM^^h,®^i2){N,J^N) . 

This shows the second and third equality of assertion (1). The first equality follows 
since Vm is the orthogonal complement of Wm- 

Furthermore tqmxn interchanges the spaces i^^^^j ® ^(2)(-^7-^w) ^.nd 51^^^ (X) 
Vt*f2-^{N , Tn) whereas dgMxN preserves them. This implies assertion (2). □ 
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We set X = O-M- By the Sublemma (Tj{M x N,!Fm K T^) is well-defined. One 
checks easily that cxm and aMxN restrict to involutions on Wm D Wmxn- Since 
on that space (ttMCiMxAf)^ = 1, the spectrum of the restriction of ctMaMxN to 



Wm n Wmxn is contained in { — 1,1}. Hence, by Lemma |5.6| and Prop. 5.4 , 
aj{M X N, Tm K Tn) = o{M x iV, Tu K Tn) ■ 

Let Am be the canonical symmetric trivializing operator for _B((i^^^") with respect 
to au- 

By definition Am = «('!' o ^ M){ctMTdMTN){^ ° ^m)^^. Hence 

i^MxNy^AM^MxN = iO-MTdM = iotuTdM ■ 



Thus Aa/ = and 

MxN 



Note that 



and 



^MxN^M^MxN — —^dM 



Therefore, in contrast to the closed case, / = ^mTm commutes neither with 
nor with (I?^*/" + rA/rA/I?^^")'^^'(^A/). This was the motivation for 
introducing the symmetrized product. 

We have that 

= [S(rA/rA./,2?ir(^M))] ® [I??;^"] 

= [s(rA/rA^, (Pir + rA/rA/p;;^")^^'(iA/))] 

The third equality does not follow directly from Theorem but its proof is 
analogous. 

This concludes the proof of the theorem. 

□ 



5.2. The signature class in the odd case. Now let M be odd-dimensional. 
Then for a e h*T*dM ® Tm 

TMd = idxi A TQMCt 

and 

TM{dxi A a) = -iTQMCt . 

Since Tm anticommutcs with ta/, it induces an isomorphism Vm ■ A^T* M (S)J-m 
k'fT*M®TM- 

The operator (Im + d*j^j = dM + TMdMTM commutes with tm and anticommutcs 
with Tm- The (odd twisted) signature operator d^'/" is defined as the restriction 

of dM + TMdMTM to D.+ {M,Tm)- 

Then 

BidZ^") = i^M{ddMTdM - TdMddAl)^]^} ■ 
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Define the isometric isomorphism 

n : A''''T*M (X) Tm A^T*M (E) Tm, a ^ ^(a + tmo) 

v2 

Note the connection of 

n~^d^''"TI = cLmtm + TAidM 



with the boundary operator in cq. 5.1 



How in turn is the boundary operator of the odd signature operator related to the 
even signature operator? Consider the isometric isomorphism 

S : A*T*dM (g> Tqm ^ (A™T*Af ® TM)\dM. := ^(1 + VM)[a + dx^ A a) . 

Define = HoS. Hence Y^uia) = -^{a + TMa) if a G K<'''T*dM ® Tqm is even, 
and Y,M{a) ^ -^{dxi A a- iroMa) if a € K°'^T*dM ® Tqm- 

We have that 

Furthermore one checks that 



For the sake of conformity with |LP03|, we will use this expression for the boundary 



operator in the following. The following definition is motivated by the boundary 



conditions considered in |LP03, §6.4]. 

Definition 5.9. Assume given a orthogonal decomposition i}*2j{dM, J^qm) == V (B 
W with respect to which tqm, ^bm (md T^q^ are diagonal. Furthermore assume 
thafDg^^^lv is invertible. Let X be a bounded operator on Q*^2) (9 M,J^qm) vanishing 
on V and whose restriction to W is an involution anticommuting with tqm and 
commuting with 2?^'/" and Tqm ■ 

We call a trivializing operator A of Bicf^f^) symmetric with respect to X if it is 
diagonal with respect to the decomposition YMiY) ® ^m(W), vanishes on Ym{V) 
and commutes with YmXY^^ on Sm(W^). 

If A is a symmetric trivializing operator, then the index class 



is called the (twisted) signature class. 



We call the symmetric trivializing operator Aj := YmX^omYm the canonical 
symmetric trivializing operator of B{d^^f^) with respect toX- 



Note that any symmetric bounded operator that is diagonal with respect to the 

■\sign 
dM 



decomposition ® Yjm{W), vanishes on Em(I^), anticommutes with Vq^^ 



and commutes with I is a symmetric trivializing operator. 



As in Lemma 5.2 one shows 



Lemma 5.10. The twisted signature class ax{M, J-m) does not depend on the 
choice of the symmetric trivializing operator. 

Proof. First we outline the general vanishing argument we are using: Consider a 
selfadjoint Fredholm operator D on a countably generated ungraded Hilbert C*- 
module H. Assume given a unital homomorphism p : Ci B[H) such that 
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p{a) anticommutcs with D. We define the even homomorphism p : Ci B{H ® 
Ci), p(cr) = p{a)a. Then p(cr) anticommutes with aD. Hence 

[aD] e Im(j* : KKa{Ci,A®Ci) KKo{<C,A® Ci)) = . 

Tlius [D] = 0. (Note t hat t he definition of Kasparov modules for unbounded 
Fredholm operators in | W07 , Def. 2.4], which is the basis for our discus- 
sion, contains a sign error: In the odd case, instead of [D,p{b)] it should read 
{Dp{b) - V(^)-D) for b homogeneous.) 

We consider the operator D := (I?^^" ^ c{dxi){xo^o + Xi^i))Ih' on H := W 
defined as in Lemma 5.2 with the obvious changes. Let p : Ci — > B{W) be the 
unital homomorphism defined by p{a) = Y,mI^ai- Since p{<7) anticommutes 
with CAfidxi) = —iT,MTdM^~M , it also anticommutes with D. Thus the class 
[£>] e /v/-i:i((D,y^) vanishes. □ 

Lemma 5.11. Let fl*^^^{dM, J^qm) ~V (BW be an orthogonal decomposition and 
letlj, j = 0, 1 be an involution on W such that aj.{M,TM) is well-defined. Let 
be the positive and E~ the negative eigenspace of tqm on W . We identify E~ 
with E^ using the isomorphism To ■ E^ E^ . There is a unitary u on E^ such 
that with respect to the decomposition W = E^ © E^ 



u* 
u 



Assume that union of the spectra of u and u* is not equal to . Then 



Proof. Since T^^g^p commutes with Xo and anticommutes with tqm , it holds that 

^sign / D \ 

- y D J 

with D — {TqT>^1")\e+ ■ Furthermore "D^q^J^ also commutes with Ji. This implies 
that Du = u*D. Let C be a loop in the intersection of the resolvent sets of u 
and u* . We assume that C has winding number one with respect to any point in 
the spectra of u and u* and that there is a path from the origin to infinity not 
intersecting the loop. We can define 

a = — i log(it) = / log(A)(u — A)~^(iA 

using any branch of the logarithm. Then Da = —aD. Define Ut = e**° and Jt = 

u ^* ) ' iii^a^t Dut — UfD. This in turn implies that T>g^" commutes 

withXt- Analogously r^M commutes with It . Thus the class ctj^ (M x A^, J^a/KIJ^at) 
is well-defined. By homotopy invariance it does not depend on t. □ 



As in the even case one gets: 

Proposition 5.12. For j = 0,1 let Vl*^^-^{dAl,!FdM) ~ Vj ® Wj be an orthogonal 
decomposition and let Xj be an involution on Wj such that aj^^M, J^m) is well- 
defined. Assume that Vq = Vq DVi (S Vq D Wi and Wq = Wq DVi ® Wq D Wi and 
that Jq and Ji restrict to involutions on Wq f] W\. Let 2q \ wonWi o^nd X\ \wo^W^ 
fulfill the condition of the previous Lemma. Then 
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The boundary conditions introduced in the fohowing are a special case of those in 



| LP03| , §6.4]. 

Let m = (dimM - l)/2. 

Let Vm be the closure of d*n"'{dM, Tahi) ® dQ'^^^idM, TaAi) © 
d*n"'+\dM,TaM) © df^"(aM, J^sm) m n*^^{dM,TaM) and let Wm = V^i 

The operators d,d* ,TaM act on Vm and Wm. 

We make the following assumption: 

Assumption 5.13. The closure of d : VL'"^-'^{dM,TaM) -> rj^^ (SM, J^oa/) has 
closed range. 

It follows that Q,*^^^{dM,!FaM) = Vm © and that 'D^alP invertible on Vm- 

Let HaM C Wm be the kernel of the Laplacian AaM restricted to rt^^{dM, !FaM)- 
The Assumption implies that TiaM is a projective ^-module. In particular it has 
an orthogonal complement. 

Denote by Ti^j^ the positive resp. negative eigenspace of TaM restricted to TiaM 



We also make the following assumption, which is not present in [LP03|. In some 



of the situations we consider it will be automatically fulfilled. Furthermore it can 



always be enforced by a stabilization procedure, see §B.l for a discussion 



Assumption 5.14. The spaces 'H^m '^^^^ isomorphic A-modules. 

This assumption is equivalent to the assumption that there is a submodule L C 
Ti-dM that is Lagrangian with respect to the skewhermitian form on TiaM induces 
by iTaM- Let L-^ be its orthogonal complement in TiaM- Recall that the definition 
of a Lagrangian includes the condition L © = TiaM, which is nontrivial for 
C*-modules. 

Let ri^^^ be the closed subspace of Wm spanned by forms of degree smaller than 
TO, and define ^^^^ as the subspace spanned by forms of degree bigger than to. 

Let a£f be the involution on Wm with positive eigenspace ^"^^ © L and negative 
eigenspace ^^^^ © i"*" . Then commutes with 'D^aM ^OM and anticommutes 
with TaM- Thus (T^(A/, JFjv/) := a^L^{AI, Tm) is well-defined. 

If Li, L2 G TiaM are two Lagrangians, then there is a difference element [Li — L2] G 
Ki{A) and it holds that 

a'^'iATTM) - c7^HM,.Fm) = [Li - L2] . 



The difference element was described and the statement proven in |LP03, §6.4] 



using a different definition of odd index classes (via suspension). For the definition 



used here the result follows from [ W07 , §7-8]. 

The difference element vanishes for example if Li and L2 are homotopic through a 
path of Lagrangians. 

6. Product formula for twisted signature classes - the remaining 

CASES 

In this section we do not make any a priori assumption on the dimensions of Af 
and A''. We assume that the de Rham operators on fl* {dM, TaM) and on Q,* {dM x 
N,TaM ^ Tn) fulfill Assumption 5.5 or 5.13| , depending on the dimension of dM 
resp. dM x N. 
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A warning about gradings: We consider the gradings as they arise in §Q. In 
particular vector bundles can only be graded if the underlying manifold is even- 
dimensional. This implies that the chirality operator r need not be a grading 
operator. Also the grading on the product is as defined in §0. 



The proof of the following Lemma is analogous to the proof of Lemma 5.6: 

Lemma 6.1. It holds that 

Vmxn = [Vm ® (N, ^n)) n Vmxn ® {Wm ® (N, ^n)) n VmxN 
Wmxn = (Vm <^ ^^(2) {N, J'n)) n Wmxn © {Wm i^, ^jv)) n Wmxn ■ 

If the dimension of M x N is even, then the operator I'gMxAr respects the decom- 
positions on the right hand side and is invertible on Vm ® ^*(2)(^t-^n)- 

If the dimension of MxN is odd, then an analogous statement holds for the operator 

'^dMxN- 

The definition of the space V^v, which appears in the statement of the follow- 
ing lemma, is the analogue of the definition of Vm for the dc Rham operator on 

Lemma 6.2. (1) If M x N is odd- dimensional, then 

HOMXN C Wm®^\2){N,Tn) ■ 

(2) If M is odd- dimensional, then 

nOMmi2){N,TN) = {H0Mmi^^{N,TN))nVMxN(B{H0Mmi2){N,TN))nWMxN ■ 

Furthermore 

{HoM «) ni^^ (N, J^jv)) n Vmxn = Haw ® Vn ■ 
In particular 

Vmxn = {HdM ® ^^(2) (N, Tn)) n Vmxn © {n^M ® ^^(2) (N, Tn)) n Vmxn , 
Wmxn = CHaM ® f^(2)(iV,^jv)) n Wmxn © {H^m ® f^(2)(iV,^w)) n Wmxn ■ 

Proof. 1) It is straight-forward to check that Vm ® ri^2)(^i-^w) orthogonal to 

Ti-dAIxN- 

2) Let a G TCgM, P G ^^{N^Tn)- Wc only consider the case where N is even- 
dimcnsional and k = dimiV/2 and leave the other cases to the reader. By the pre- 
vious Lemma a A /3 ~ dLUi-\-d*LL!2+u>3, where a;i,a;2 £ Vmxn and e Wmxn- Note 
that d*uji = 0,duj2 = 0. It follows that d{a /\ j3) ~ dd*uj2 = Aw2 G Vmxn- Thus 
UJ2 = (-l)'i™^^'^/2A-i(aArf/3). It holds that A9MUJ2 = {-iy"^^^'/^A-'^{AoMaA 
dp) = 0. Thus UJ2 £ Ker A(5A/ = 'HdM ® Q*^2)i^T -^n)- In a- similar way one con- 
cludes that ivi £ HdM ® r2(2)(^'-^A^)- This imphes the first equality. Clearly 
dioi e HoM ® dn''-^{N,TN) and d*uji e HaM ® d* n''+\N , Tn) ■ Thus if lu^ = 0, 
then a A e Hom «) Vn- 

In order to show that HdM <8) V/v C Vmxn it is enough to check that HdM Vn is 
orthogonal to Wmxn, which is straight-forward. 

The last two equations follow from the first in an elementary way. □ 



Now we prove the product formula in the remaining three cases. The general 
strategy is as in the proof of Theorem 5.7. 
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6.1. M is even-dimensional and N is odd-dimensional. We require that As- 
sumption 5.5 holds for the de Rham operator on ^*{dM,TdM) and Assumption 



5.13 holds for the de Rham operator on n*{dM x N,TdM^J^N)- 



5.14 



Lemma 6.2 implies that the involution aMTdM'?)^NTN restricts to an involution on 
"HdAixN- Furthermore it anticommutes with tqmxn = —iTOM^dAiTN ■ Wc define 
the Lagrangian L C Ti.dMxN to be its positive eigenspace. (Thus Assumption 
is fulfilled as well.) 

Proposition 6.3. It holds that 

a(M,TM)®(j(N,TN)=(T^{M N,Tm^^n) eKi{A®B) . 

Proof. We have that 

tmxn = tmTmtn = ^MTMT]\r . 
First assume that M is closed. 
By the description of the Kasparov product in §|^, 

■)+ 



The operator P^j^" + r^y/I?^^" acts on fi^2) (-^^i -^Af) ® ^^(2) (-^j -^w)- Let 

e : r!^2) (M, Tm) (S {N, Tn) ^ (M x N, Tm ^ ^jv) 

be the isomorphism that equals l^rAr from (\ — V}^iT]<,i)^*{M,Tm)®^'^{J^-,Fn^ to 
(1 - Vmtm)^* [M, Tm) (S) n- {N, Tn) and the identity on (1 + TmtmW (M, Tm) ® 

n+{N,TN). 

Then 

PZ'^ + TMKn = MKr + TMKnQ-'] = Ptr + TMep^^^e-i] . 

For a e (1 - TMTM)n*{M,TM), P e n-{N,TN) 

eVj^^^Q-^a A /3) = -Q A {dN + TNdNTN)P . 

Note that the restrictions of Fa/tm and rjv to ri+(M x N,Tm ^ ^n) agree. We 
have that 

= ^FM'rAr(^(l + Tn){1 (K) {dN + T^dNTN)) - (1 - Tn){1 <S) {dN + TNdNTN))^ 
= Fm (8) {dN + TNdNTN) . 

Thus 



and therefore 

l-^Af J ^ l-^W J — 1-^A/xAfJ ■ 

Now let M be a manifold with boundary. 



Recall the quantities indexed by M, as aM, Vm, Wm, which were defined in §5.1 



Furthermore F2 are as in §4.1. 
Define the involution 

aM := {^m\n ° e ° ^')(F2$^,a^,$^/)(S-/^^ o 9 o ^>)-' 

on 

Wm = (Sm'xAt ° ° '^){{<^m{Wm) © $A/(TyAf)) ® W-^^)) 
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Set 

Vm - (S 

and let C Wm be the positive resp. negative eigenspace of ctM- 

Sublemma 6.4. (1) It holds that 

Vm = Vm®^12){N,Tn) 

Wm = Wm®^12){N,Tn) 

and that ctM = cumtom ® ^ntn- 
(2) The operator OiM commutes with T^qmxN '^'^'^ ^dMxN o,nd anticommutes 
with TQMxN and umxN- 

Proof. Let ai, a2 £ A*T*dM (g) J'qm and (3 G A™T*A/' ® J^n- 
We have that 
(E^/^^ o e o vl/)(($^,(ai), <i>M(a2)) A (/3 + r^/?)) 

= ^(S^/^^ o e)(((ixi A ai + TM{dxi A ai) - ia2 + «TA/(a2)) A (/? + tat/S)) . 
v2 

Assume now that ai, a2 G A'^^T*dM ^ J'dM- Then the previous expression equals 
1 . 

= -{TdMCti + Qi) A rjv/3 + i{roMa2 - 02) A /3 . 
If ai, a2 G h°'^T*dM ® Tqm, then it equals 

■^j^l}^^{[dxx A ai + Tuidxi A ai) - ^2 + «rA/(a2)) A (/3 + TAr/3)) 

= (ai + TQMCii) A /3 + «(raA/Q;2 - 012) A T^fi . 

Thus the image of (a, —iroMCf) A (/3 + tat/?) under Sj/^^y o 9 o vj/ o © $a/) 
equals -2raA/aArAr/3 if a G A™T*9M® J^qa/, and 2a A /3 if a G K°'^T*dM ® Tqm- 

The image of (a, irgMa) A (/3 + rjv/3) equals -2a A tat/J if a G A™T*dM (g) JF^m, 
and 2TaA/a A /3 if a G A°'^T*dM ®T3m- 



^a/xA'(('^^i a ai + TM{dxi A ai) - ia2 + iTM{a2)) A (/3 - tat/J)) 



The first part of Sublemma 6.4 follows. 

We define vi{a,(}) as the image of (a, — la) A (/3 + tat/?) under 
^aixn 0^° i^M © *i'A/), and ^2(0, /3) as the image of (a, za) A (/3 + rAr/3). 

The space E^/^j^W^ is spanned by the set 

{i;i(a,/?), i;2(raA/a,/3) | « G /? G n'^^)iN,TN)} ■ 

For E^/^^iy^ an analogous statement holds with > instead of <. 
If a G A'="T*aM ®TaM, then 

vi{a, P) = -(raA/a + a) A ta^/? - (a - raA/a) A (3 

V2{TdMa., (3) = {TdMO. + a) A /3 + (roA/o; - a) A rw/? . 

If a G K°'^T*dM ®TaM, then 

vi (a, /3) = (a + raA/a) A /3 - (a - toa/Q;) A tat/? 
W2(TaA/a, /?) = -(a + raA/a) A rjv/3 + (roA/a - a) A /? . 



PRODUCT FORMULA FOR APS-CLASSES 



23 



Using these equations one checks that is the positive resp. negative eigenspace 



of the involution aMTOM ® ^ntn- Thus we get the third equation. From eq. ^ it 

•^sign 



foUows that I'n'iff", IV commutes with cum- D 



We set X := a a/- By the Sublcmma ax{M x A^, Tm KI Tn) is well-defined. 

The involutions a^/xw and cxm restrict to involutions on Wm^^Wmxn ■ By Lemma 



6.1 we can apply Prop. 5.12. which yields 



(T^(M X N, Tm K Tn) = cFx{M X iV, Tm ^ Tn) ■ 

The canonical symmetric trivializing operator of B[(f^j^) with respect to aj\f is 
Am = i^M^aMTdM)'^'^^- Then Am = ^{iTi{<^MaMTdM^ll))'^'^ ■ Since Am 
commutes with \['(r2($MQ!A/^M ))^^^, the operator QAmQ~^ is a symmetric triv- 
ializing operator for Sm ■ We get that 

W"(^m)] ® [Vn] = [(Pir +rMpr")^«'(iM)] 
= crx(Af X N,Tm^Tn) ■ 

□ 

6.2. Af is odd-dimensional and N is even-dimensional. We require that As- 



sumptions 5.13 and 5.14 hold for the de Rham operator on Q.*{dM,ToM)- The de 



Rham operator on ^*{dM x N,TgM ^ J'n) is only required to fulfill Assumption 



5.13 



The module Ti-dMxN decomposes into a direct sum of the projective yl(8)S-modules 

The module Ti^^/xTV '^^^^y nontrivial if fc + / = {dimdM + dim Af)/2. 
Let k = (dim9M)/2, / (dima7V)/2. Then 

,k,l ^ T, tT^„^ /< r^ nl 



KiixN = ^9A/ ® (Ker An n (N, Tn)) 

k,l 

dMxN- 



Thus any Lagrangian L £ TCom defines a Lagrangian in Hg'l^^^. From this and 



Lemma 3.2 (1) it follows that the involution aj^ (8) Fjv restricts to an involution on 

Ti-dMxN- 

Define the Lagrangian C HdMxN as the positive eigenspace of the involution 
aj^(S)J^N restricted to "HdMxN- (Note that the existence of this Lagrangian implies 



tOA/xJV 



that Assumption 5.14 is fulfilled.) 
By construction 

'^AixNl'HoMxN = "a/ ® ^nIhs 

Proposition 6.5. It holds that 

{M, Tm) ® a{N, Tn) = (M x TV, Tm K Tn) eKi{A®B) . 

Proof. We have that tmxn = tmtn- 
First assume that M is closed. 
By i 

The operator tn'D'^m^ + 2?^^" acts on f]^^ (M, Tm) ® f^(2) ^n)- 
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Let 

e : (A/, Tm) ® r!^2) (N, Tn) ^ f^fj) >< ^' -^^^^ ^ ^n) 
be the isomorphism that equals rj\/ from fi+(A/, J^m)®^^~ (-^7 ) to r2~(M,^M) 
n-(iV,:PAr) and the identity on ri+(M, J^m) ® fi+(iV, J^at). Note that Tm'D 



sign 
N 



The signature operator on il^j(Af x N,!Fm MTn) fulfills 

^MxN = '^M^^M +TmV^'' ^e[TNVjyf ^V^" )<S 

Thus 

Now let M be a manifold with boundary. 
Define the involution 



a 



M 



on 



W'm = (Smx A ° ° ^m){Wm %){N, Tn)) 

and set 

Vm = (Sa/xTV ® Q ° SM)(14f ® r!^2)(7V,.^Ar)) . 

Furthermore let be the positive resp. negative eigenspace of a^- 
Compare the following sublemma with Sublemma |6.4 
Sublemma 6.6. (1) It holds that 

Vm = VM(E>ni^^{N,TN) 
Wm = WM®ni2)iN,J'N) 

and 

ail = ajti ® tn ■ 

(2) The operator cejlj commutes withTgMxN,Oiif^]y andVg^^^j^ and anticom- 



mutes with tqm 



xN- 



Proof. For a G Vt'''' [d M , T m) , P e n*{N,TN) 

(E^/^jv ° e)(EM(a) A (/3 ± tnP)) = ^i'^MxN ° ©)((" + A (/? ± r^/?)) 



= y|SA/xw((" ± '^Jl/") A (/3 ± tat/?)) . 

For a e 17°'^(9M,JC-m), P e 1]*(A^, J^w) 

(E^/xA ° 0)(SA/(a) A (/3 ± rjv/?)) = -^(E^/xa ° A a - irsMa) A (/3 ± tmP)) 

= -^T.Ji^j^{{dxi A a =F iTsMo) A (/? ± tat/S)) . 

In both cases this equals a A (/3 ± tat/?) if /3 G fi"^^ (A^, J^^v) and ±.iTQMO. A (/3 ± r^v/?) 
if /3 € VL°'^{N,Tm)- (These statements hold true if we choose the sign above resp. 
below everywhere.) 

Thus 

Wti = {^^,, ®L)® nil-^ (N, Tn) © iP-X, ®L^)® ^1^) (N, Tn) 
Wm = {^^,, ®L)® ni^) (N, Tn) © {n>^^ OL^)(g> n^^^ {N, Tn) ■ 



PRODUCT FORMULA FOR APS-CLASSES 



25 



It follows that is the positive resp. negative eigenspace of the involution 



c^m'S^^n- Eq. |5.3| implies that the involution commutes with the signature operator 
on the boundary 1)^^"^ ^ , 

TdMxN = TqmTn- 



It clearly commutes with a^^^ ^ and anticommutcs with 

□ 



We write I - 



By the Sublemma <Jx{M x N,Tm ^^n) is well-defined. Using 



Lemma p.l and Lemma 6.2| one checks that q;j\/xjv and a^^ restrict to involutions 



on Wm n Wmxn- By Prop. |5.12 

aj{M X N, Tm K Tn) = o{M x iV, J^a/ 



Let j4m be the canonical symmetric trivializing operator for B{d^j^f") with respect 
to ajlj. Then Am = Sj\/(aMraM)S^^. From the calculations in the proof of the 
Sublemma it also follows that 

(E^/xW ® ° SM)raA/TAr(SMxAr ® © o Sa/)"^ = LaA/TjV ■ 

Hence 



and commutes with aj^,j , the operator 



Since a^^OMTN anticommutcs with 2?^a/xw "■^^'-^ wiiimuLcn witu ua/, 
QAm&~^ is a symmetric trivializing operator of B{d''j^f"^ 

Thus 



) with respect to J = a 



axiM X iV,.FA/ ^.^w) = [i?i^3^V(^weiA/e"i)] . 

Arguing as in the closed case wc have that 



□ 



6.3. M, TV are odd-dimensionaL Let Assumptions 
Rham operator on Vi* {dAI, J-qm) and Assumption 5.5 

n*{dM X N,ToM 



5.13 and 5.14 hold for the de 



for the de Rham operator on 



I J-n)- Let L C Ti-dM be a Lagrangian. 
Proposition 6.7. It holds that 

2a^{M, Tm) ® (t{N, Tn) = cr(Af x N, Tm ^ ^w) € ii:o(y^ ® S) 



Proof. We have that 



TMxN — —'iT]\iTMTN 



First let M be closed. In the following we will denote by the closure 

of dM + TAidMTM acting on X C QI^JM, Tm)- Without specification T> 



sign 



IS 



understood to act on the space fi^^ (M, JFa/), as before. The same applies to . 

We may identify n^^^{M,TM) ® VL+^^{M,Tm) with n*^^^{M,TM) by applying the 
isomorphism Tm ■ ^^(2) (-^^i -^a/) ^'(2){^:^m) to the second summand. 



From §4.3 we get that Fi = TA/,r2 = «ta/Fa/ and then from « 



itmTmT^n ) 



lf2*2)(M,J^M)(g.f2+j(Af,.FN)J 



Here the grading operator on Q*^^^{M,Tm) ® f^j^^ (A^, -^^tv) is — «FiF2 = F 



(2)^ 
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Define the isometric isomorphism 

Q{lUi,UJ2) = UJi+ TnL^2 ■ 

On r2(2)(M X N,TmMTn) 

^sign ^sign 
— '^M ^ TMxNL>n 

Hence 

In order to compare the latter class with the signature class we define a unitary 
operator Z on VL*^^)^^'! x N,Tm K J'n) by 

Z{ahp) ^ ^{ahl3 + TMycNiTua A /?)) 
v2 

for a e 17*2)(A/, JC-m), /3 e f^^2)(^' -^w)- Then 

-ZFm-Z ^ = tmxn ■ 
Furthermore for a £ Vl"'' {M , T m) , [3 n*{N,J^N) 

-^Z{d''lP - TMxNd^N'^'^)Z~^{a A /3 + TMxwia A /3)) 

= z((4r-^A/xivrf7")(«A/?)) 

= —^{dlf"a A /3 - TMxNid'^^f'a A /3) + A /?) - TMxNd%'^"'{a A /3)) 

= {d^M^^a A P~ id^'lf^TMCt A tat/?) + d^^"(Q; A /3) + iTA/a A (i^^"r7v/3) 

= 4sKr + rA/d7")(« A /3 + rMxAr(a A /?)) 
v2 

= ^4/'x\(«A/3 + TMx^(«A/3)) . 



The last equation follows from cq. 5.2. It follows that 

"A/xAf-"^l"M -TMxNO-f^ )^ 

as an operator from rj+(A/ x N,Tm^J^n) to x A^, J^a/ K J^jy)- Since both 

sides of the equation are essentially selfadjoint, the equation holds on il*{M x 
N,Tm K1 Tn)- Hence in the closed case 



Now let M be a manifold with boundary. The isomorphism ^ defined in §4.2 is 
here a map from {A+T*M ® TM)\dM ^ (A+T*iV ® J^at) to (A™T*M ® J^A/)|aj\/ ^ 
{A+T*N (g) JT^) given by 
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We define the isomorphism * from {{K*T*dM ® Tom) ^ {K+T*N ^ Tn)) to 
(A*T*(A/ xN)® {TM^TN))\dM^N by 

■^(Wi, W2) = e((1' O Sa/)(wi), (* O SM)(t^2)) 

We set 

= (*Mx TV ° 2 ° ^) ((T^Af ® Va/) (8) (TV, ^at)) 

and 

= (*Mx7v ° 2 ° ^)(«MraA/ © ai/raA/)($Mxiv ° 2 ° ■ 
The following sublcmma is similar to Sublemma |3.^ . 
Sublemma 6.8. (1) It holds that 

Vm = VM®ni2^{N,TN) 

WM = WM®nl2)iN,^N) 



an that a'^ = —a^. 



(2) The operator aj^ anticommutes with T^qmxn '^"''^ tqmxn and commutes 
with aj^jxN- 

Proof. Let ai, G Vt'-'' [d M , T m) , A, /32 e 17+(iV, J^at) and set w ai A/3i A 
rAr/32- We have that 

(.$^/xw o Z o A a2 A /32) 

-(<fMxA.°2)M 
1 

= TdMxNi^) 



For (dimaM)/2 even i C fi™(9A/, J^a/). If ai, q;2 € i, then TQMxNiuj) & L-^ 

For ai,Q!2 G il°'^{dAI, Tm), /?i,/32 G -^^Af) and w as before we have that 

(■^Mxjv°2^°'^)("i A/3i,a2 A/?2) 
= (*a/xa°2)(o'2;i Aw) 

= -7=$A/xAr(^2;i A W + TMxN{dxi A w)) 

v2 

If (dimaAf)/2 is odd and aj, ^2 G i C VL^'^dM^TM), then uj e L ® f7*(A^, J^jy). 

From this one deduces (1). Hence anticommutes with tqmxn = ^dhiTdAiTN 
and commutes with dgMxN- By Lemma 6.2 the operator aAfxA is diagonal with 
respect to the decomposition HaAf'8if^(2)(^'-^^)®'^aA/®^(2)(-^'-^^)- Using this 
one gets (2). □ 



We set 2 = aj^j. By the Sublcmma ax{M'xN, TmMTn) is well-defined. Lemma 6.1 
and Lemma 6.2 imply that aMxN and a^j restrict to involutions on Wm H Wmxn ■ 



By Prop. 5.4 we get that 
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Let A^j be the canonical symmetric trivializing operator for B{d!'^f^) with respect 
to all. 

By definition if^ = o T.!,i){aljTQM){'^ o Hence 

i^MxN ° 2 ° 0)(^M ffi 4M)(*Mxiv ° 2 ° e) di, . 

Thus 

^ — (Jj^opp 

The first equation follows from the product formula in §|4.3|. The last equation 



follows from eq. 5.2. □ 



7. Product formula for higher signatures 

In the following we give a slight generalization of the previous product formulas, 
which also applies to higher signatures. 

Let C be unital C*-algebra and let ip : A(E) B ^ C he a unital C*-homomorphism. 
There is an induced map ip^ : K^{A(>~) B) K^{C). 

The bundle {Tm ^ ^n) ®tf> C is a flat C-vector bundle on M x N. 

The proof of the following theorem is nearly literally as before, if at the right 



places one plugs in tensor products (8)i^C Also as before, Assumption 5.14 in the 
statement of the theorem will be automatically fulfilled for the de Rham operator 
on Vt*{dM X N, {Tqm ^ J^n) ®.p C) if A/ x iV is odd-dimensional. 

Theorem 7.1. In the following we assume that the respective assumptions (i.e. 
Assumption \5.S^ resp. Assumptions 5.1!\ and 5.14, depending on the dimensions 



of M and N) hold for the de Rham operators on U.*{dM,Ti)M) o,nd on Q.*{dM X 
iV, {T9m^Tn)®^C). 

(1) If M and N are even- dimensional, then 

{a{M, Tm) ® ct{N, J'n)) = (t{M x N, {Tm ^ Tn) ®^ C) . 

(2) // M is even- dimensional and N is odd- dimensional and L is the posi- 
tive eigenspace of the involution aMToM ® ^ntn on Hqaixn C ^l*{dM x 

(3) // M is odd- dimensional and N is even- dimensional and L C Ti-dM is a 
Lagrangian, then we can define Lg, C Ti-dAixN cls before and get 

if,{(j^{M,TM)®(j(N,TN)) =(T^®(M X N,{Tm^J'n)®vC) . 

(4) If M and N are odd- dimensional and L C Ti-dM is a Lagrangian, then 

2lp, (cr^(M, Tm) ® criN, J'n)) = o-(A/ x N, {Tm ^ J'n) ®^ C) . 

This result applies to higher signatures: 

Let M resp. iV be a Galois covering of M resp. A'' and let ttm resp. ttjv be 
the group of deck transformations. By definition Vm = M x^^^ C*'Km is the 
associated Mishenko-Fomenko bundle and aiM^Vu) is the higher signature class 
of M associated to the covering. 
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The group ttmxn '■= ""a/ x t^n is the decktransformation group with respect to the 
covering M x N ^ M x N . Let Vmxn be the corresponding Mishenko-Fomenko 
bundle. There is a canonical unital C*-homomorphism 



and it holds that 



If : C*t:m ® C*7rjv C*{'Kmxn) 



Vmxn = {Vm M Vn) ®^ C; (ttmx jv) 



Thus from the previous proposition one gets a product formula for higher signature 
classes. In this case (see | LLK02 , Lemma 3.1]) Assumption 5.5 is equivalent to the 
m-th Novikov Shubin invariant am{dM) being oo+, whereas Assumption 5.13| is 
equivalent to am{dM) = am+i{dM) ~ o o^. If the m-th Betti number hm{dM) 
vanishes, then TLdM = 0, thus Assumption 5.14 is fulfilled. For products these con- 
ditions can be checked by using the product for mulas for Novikov-Shubin invariants 
| Lii02| , Theorem 2.55(3)] and L^.Betti numbers lLii02| Theore m 1.35(4)]. Examples 
for which the conditions are fulfilled can be found in LLPOO, p. 563]. 



In a simila r way the product formula applies to twisted higher signatures as 
studied in ||LP99|] . In ||LP9S| , §2] examples were given where the Laplacian 
on O* (9M, TdM ®ip C) is invertible. This implies that also the Laplacian on 
0*(5M X iV, [TdM ^ J^n) ®ip C) is invertible, thus the conditions of the theorem 
are fulfilled. 

Product formulas for geometric invariants are relevant for the following question: 
Assume that Mi , M2 are non- isomorphic elements in a suitable category (topo- 
logical spaces up to homotopy/homcomorphism, manifolds up to diffeomorphism, 
manifolds with boundary up to homotopy/homeomorphism/diffeomorphism etc.). 
Under which conditions on a closed manifold N does it follow that are Mi x N , 
M2 X N not isomorphic? See the motivating examples for the definition of the 
higher p-invariants given in | We99|] . 

By applying the homotopy invariance result of [|LLPOO| (which was proven there 
using different boundary conditions; see the end of § B.2 for the justification of using 
it here) we obtain the following corollary, which for simplicity we only formulate in 
the even-dimensional case and only for universal coverings: 

Corollary 7.2. Let Mi, M2 be orientable even-dimensional manifolds with bound- 
ary having the same fundamental group ttm- Let N be an orientable even- 
dimensional closed manifold with fundamental group ttjv. Assume that the higher 
signature classes of Mi, M2, Mi x A^, A/2 x N are well-defined (with respect to the 
universal coverings). 

If the higher signature classes of Mi, M2 do not agree up to sign in Kq(C*ttm) ® 
and the higher signature class of N does not vanish in Kq{C*'Kn)iSi(S^, then Mi x N 
is not homotopic to M2 x N as a manifold with boundary. 



The non-vanishing of higher signature classes for manifolds with boundary can 
be proven by using the higher Atiyah-Patodi-Singer index theorem of Leichtnam- 
Piazza, see [ LLPOC| and references therein. 



The example in | LLPOO, p. 624 f.] illustrates the corollary. While no detailed argu- 
ment was given there, for the calculation of the relevant higher signatures a product 
formula for Chern characters and 77-forms might have been used. Alternatively one 
may use the above product formula. 
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Further remarks 



8.1. Stabilization in the odd case. Let dim A/ = 2m + 1. 

Wc sketch the stabihzation trick and derive product formulas if Assumption 5.13| 
holds for the de Rham operator on ^l* {dAI, J-qm) but Assumption 5.14 does not 
hold. The stabilization comes at a price: We need to require that Assumption 
5.5 holds for the de Rham operator on 0*(A^, JFjv) if N is odd-dimensional and 
Assumption 5.13 if N is even-dimensional. If iV is odd-dimensional, it follows that 
the signature class a{N,!FN) vanishes. This is already suggested by the product 
formula in Prop. where the left hand side depends on a Lagrangian while the 
right hand side is not. If N is even-dimensional, it follows that TCn ■= Ker Ajv H 
f^(dimAr)/2(-^^ jr^) is a projective S-module. 

The construction relies on the concept of "stable" Lagrangians [LLPOO, §3]. While 
clearly inspired by it, our stabilization procedure differs from the one in |LP03| and 
avoids the additional choice of a submodule as specified in |LP03, Prop. 11]. 



Let X be an odd-dimensional manifold with boundary and assume that the middle 
degree homology H of dX is non-zero. Let Tx = A''. Then Hox = H ® A'^. If 
Lq € is a Lagrangian, then cr^o®-4 (^x,J^x) = 0. For the following choose a 
trivialization H = (D^", where C^" is endowed with the standard skewhermitian 
form (which is induced by the standard symplectic form on IR^"). 

Consider the disjoint union M U X. Let k be large enough such that there is a 
Lagrangian L C TCqm ©^^"'^. The existence follow from | LLPOO, Lemma 3.4] since 
[V/ 



dM 



by the bordism invariance of the index. We define 
(7^ (A/, Tm) := fT^(M U X, Tm U Tx) ■ 



It is often useful to choose X with dimension different from Af , see below. Thus 
the right hand side requires a straightforward extension of the definition of the 
signature class to accommodate for components of differing dimension. 

One checks that the definition makes sense. It does not depend on the choice of X 
nor of the trivialization H = C ^", only on the choice of L in Hqm ® J[^^^ , There is 
a stabilization argument (see [LLPOO §3]) which allows to make the construction 



endow with the standard skewhermitian form. We identify C 
Now we apply the product formula to a^{M U X,!Fm U J-\ 



independent of the choice of n, k as well. 

In order to get the product formula we use X :— [0, 1] for the definition of the 
signature class of {M,J^m)- The homology of dX is isomorphic to C^, which we 

' E)Tox with 

-M u j-x )■ The additional as- 
sumption on N implies that the de Rham operator on il*{d{X x N),!Fgx J^n) 
fulfills Assumption 5.5 if N is odd-dimensional and Assumption 5.13 if N is even- 
dimensional. This is clearly necessary for the application of the product formula. 
We used that d{X x N) = NUN. 

Before we can formulate the result we need an additional definition for N even- 
dimensional: Let L C HgM®A^^ be a Lagrangian. Then S 'HQMy.N®A?''®'HN- 
Since T-Ln is projective, we may embed Tifq into for j large enough. Let V be 
the orthogonal complement of Tlx in and let Lo G be a Lagrangian. We 
define the Lagrangian 

Lig, = Ltg,® La® A^ ®V d Hsm-kn © A^^ ® B^ . 



Proposition 8.1. Let M he odd- dimensional and let Assumption 5. IS hold for the 
de Rham operator on Q*{dM,J^Q]\j). 
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(1) Let N be odd- dimensional, and let Assumption |5.<^ hold for the de Rham 
tor on VI*{N,Tn)- Thena{N,TN) = and a{M xN,TmMTn) = 0. 



(2) Let N he even-dimensional, and let Assumption\5.1S hold for the de Rham 



operator on VL*{dM x N,!Fqm ^ J^n) and for the de Rham operator on 
9.*{N,Tn)- Then 

a^{M,TM)®(T{N,TN) =a^»{M x N,J^m^J'n) e K\{A®B) . 

We leave it to the reader to formulate a generalization of the proposition involving 
tensor products as in §0. 



Proof. (1) If Assumption 5.5 holds, then there is a trivializing operator for I?^'^" 



N 

2k 



Thus its index vanishes. Choose a Lagrangian L C Ti-dM ® A . We get that 

a^{M U X, Tu U Tx) ® <j{N, Tn) 
= a{{M U X) X TV, {Tm U Tx) ^ ^w) 
= a{M X N, Tm K ^7v) + cr(X x iV, J^x ^ ^jv) 
= a{M X N,Tm^Tj^) . 



Here the second equality follows from Prop. 6.7, 

(2) From the definition of (M, Tm) from above and Prop. wc get that 
a^{M, Tm) ® (y{N, Tn) = a^® {{M U X) x N, {Tm U Tx) K Tn) ■ 

We consider the manifold Y := {M x N) U {X x N) U X and the bundle Ty := 
{Tm ^ ^w) U {Tx ^ Tn) U {Tx «) B^) on F. 

We define Lagrangians Li, L2 C HdMxN © (^^'' Wjv) © (^^'^ ® B^) by 
Li = I {x,y) e L^, z G Lq®^'' 

L2 = {(x, 2/, z) I (x, z) e y e Lo O ^'^ O Un} 

It holds that 

fT^^ (y, .Fy) = a^® ((M \jX)xN, {Tm ^JTx)^ J'n) 
and; by definition, that 

a^^ {Y, Ty) - ct^® (M x N, Tm ^ ^w) • 

It remains to calculate [Li — L2\. 

Note that L2 is constructed from Li by interchanging the last two coordinates on 
the subspace HaMxN © {A'^'' (g) Hn) © (-4^'' Wat). Let ;7(t) be the unitary which 
equals the identity on UdMxN © {A^^ ®Hn)® {A^^ ® V) and onHaMxN® {A^*" ® 
T-Ln) © {A^^ ® Hn) equals 

1 

e^" cos(<) sin(<) 
-e^'* sin(f) cos(t) 

Then U{t)Li is a path of Lagrangians with U{0)Li ~ Li and U{^)Li = L2. Thus 
[Li - L2] = 0. □ 
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8.2. Normalization and homotopy invariance for higher signatures. For 



the proof of the homotopy invariance of the higher signatures in |LLPOO| the nor- 
malization of | HS92[ | of the signature operator and tlie grading was used. We 



recall it here: In the even case define Da = Vda for a £ ^V{M^'Pm) and set 
(fj^"'^^ := D + D* . Define the grading operator t^j^ by r^j^a = i~P^'^~P^ 
where * is the (standard) Hodge duality operator. (It differs from the one in 
BGV9e| , Dcf. 3.57], which agrees with our tm-) Let U be the unitary defined 



by Ua = iP^P'-^y^a. Then UdU* = D, hence Ud^^^U* = dlf''"'^ . Fur- 
thermore UtmU* = (-l)"^^Tj(|'^ with n = dimM. The Chfford operations are 
also unitarily equivalent, since they are determined by signature operator. Hence 
for the canonical symmetric trivializing operator A with respect to aM we get 
that [r'^9"'^^(;7*AC/)] = (-l)"/2[p^7'((-l)»/2^)]. The right hand side equals 
(— 1)"/^(t(M, T'l/) and the left hand side equals the signature class defined in 
| LLPOC( |. Thus both classes agree up to sign and in particular agree in the classical 



case, when the dimension is divisible by four. 

The homotopy invariance of the Chern character of [D^jt^f"''^^ {U* AU)], and hence 
of the Chern charact er of (j{M,Vm), follows from the equality established in the 
Appendix of | LLPOO| . The equality was proven there under slightly stronger condi- 



tions. However it seems that the proof can be adapted as needed here. It also seems 
to the author that the proof already shows the equality on the level of if -theory 
classes. 

We leave the consideration of the odd case to the interested reader. 
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